16

 STELLARATOR COIL OPTIMIZATION

Allen Boozer

Columbia University

August 5, 1999

Attractiveness of NCSX proposal will depend heavily on coil system:

1. Flexibility.

2. Efficiency.

3. Room for ports.

4. Simplicity.

Flexibility and efficiency require:

1. Knowledge of which fourier components of
 on nominal plasma surface are most important to the quality of the configuration.

2. Control of magnetic surface existence.

MODERN STELLARATOR DESIGN

(due to J. Nührenberg)

Effect of coils on a plasma determined by:

1. Shape of plasma.

2. Amount of toroidal flux.

Optimize a target function by varying fourier components in shape of outermost plasma surface .
Target function includes neoclassical transport, MHD equilibrium, and MHD stability properties.

STELLARATOR COIL DESIGN
(due to P. Merkel)

Assume toridal field coils give toroidal flux in plasma.

Choose current potential  on coil surface to minimize n
2da on plasma,




.


      Constant-contours give coil paths and magnitudes.

ISSUES WITH MINIMIZING n
2da

1. Even for simple plasma shapes fourier terms of  diverge exponentially if coil/plasma separation is too great.

2. Smoothed tends to increase as 
 with M the highest poloidal mode number retained.

3. Minimization doesn’t favor flexibility.

4. No premium on mag. surface existence.

___________________

Coil flexibility and efficiency require:

1. Knowledge of which fourier components of 
 on nominal plasma surface are most important to the quality of the configuration.

2.
Control of magnetic surface existence.

IMPORTANCE  OF 
  COMPONENTS

Target function of a Nührenberg-type optimization implies quality of a stellarator configuration has form




Flux components are



,   (on plasma or control surface)   


 are any complete set of functions such as the trig functions.

i/µo has units of 
 which is coil cost.
Inductance matrix defined by



,


 field due to the jth coil current.
Quality matrix 
 can be diagonalized.  An eigenvector is important if associated:

1. i  is large.

2. Eigenvalue qi  is large.

Expect most important eigenvectors to correspond roughly to:


1. 
major fourier terms (12 saddle coils needed)



n = 0,  m = 1,2,3



n = 3,  m = 0, ±1,±2,±3



n = 6,  m = 0, ±1,±2,±3

2. resonances with field lines  = n/m.

Flexibility to produce many desirable configurations implies coils that control:

1. 
Large i’s associated with significant 
qi’s.

2. 
Magnetic surface existence.

Stellarators with few periods have little distance in fourier space between shape and resonant fourier terms.

COIL EFFICIENCY AND PORT SPACE

Current potential can be represented as a magnetic dipole µi per unit area ai on a grid, i =  µi/ai.

Port space means j = 0, or = constant.

i’s chosen to be constant in a port region.

Flux on plasma surface is 
.

SVD theorem says                           

 

with 
 diagonal and
 and 
 orthogonal.

Components of current 
 ordered by

size of eigenvalue of 
 with largest first.

Currents Ii with a large eigenvalue of 
 most efficiently produce flux on the plasma.

 FLEXIBILITY & EFFICIENCY DESIGN

Let 
 be the part of the quality matrix that 

contains the J most important eigenvectors. 

Let 
 be part of inductance that contains J 

eigenvalues. 

The ability of a set of coils to optimize a stellarator configuration measured by




Pick the J eigevalues included in inductance to maximize Jth largest eigenvalue of 
.
Should be done for a set of desirable configurations.

A second optimization can be done.
1. Choose a second set of J’ eigenvectors.

2. Coils of first optimization taken as given.

3. Set J inductances already used to zero.

In Merkel’s method 
 approximated by unit matrix.

 CURRENT DENSITY MINIMIZATION

The efficiency optimization that was described minimizes current not current density.

To minimize current density find current potential eigenfunctions of operator




Surface Laplacian defined by 
.  For a periodic cylinder eigenvalues are 
.

Use the eigenfunctions corresponding to small 
 to define inductance matrix.

BY CONTROLING THE MOST IMPORTANT PARTS OF THE QUALITY MATRIX WITH THE MOST EFFICIENTLY PRODUCED CURRENTS IT SHOULD BE POSSIBLE TO DESIGN FLEXIBLE STELLARATOR COILS.

Related analysis required to find if a given coil set is near optimal for flexibility and efficiency.

MAGNETIC SURFACE CONTROL

Flexibility requires a given set of coils to produce many configurations by changes in coil currents.

Changes in currents in major coils tend to cause loss of magnetic surfaces (effectively forward engineering).

Stellarators with few periods are particularly prone to surface break-up for the shaping fourier components (like n=3, m=3) are not well separated from resonant components =n/m (like n=3, m=7, r=0.42).
Trim coils that are resonant with the plasma magnetic surfaces can preserve the surfaces while currents in main coils are varied.

Magnetic field line Hamiltonian and theory of infinitesimal canonical transformations allow the choice of currents in trim coils to preserve surfaces.

MAGNETIC FIELD LINE HAMILTONIAN

Let (r,) be any set of toroidal coordinates, for example




with (R,,Z) cylindrical coordinates.

Given a magnetic field as a function of position 
, the Hamiltonian of the lines 
 given by integrating 


   and  

for evenly spaced values of ().
  Field line eqs.: d/d = - ∂/∂and d/d = ∂/∂
By varying trim coil currents Ii the Hamiltonian can be determined




THEORY OF INFINITESIMAL

CANONICAL TRANSFORMATIONS

Assume canonical coordinates (p,q) depend on a parameter  so p(P,Q,t,) and q(P,Q,t,) with (P,Q) some fixed canonical coordinates.

The Hamiltonian H(p,q,t,) obeys




s(p,q,t,) is infinitesimal generating function and can be chosen arbitrarily.



Poisson bracket

To plot trajectories in (P,Q) space need P(p,q,t,) and Q(p,q,t,).  Given by

.

Hamiltonian H(p) integrable.  Let H(p,q,t,) = 

.  Integrable at =0; choose s to make H integable at =1 when H is full Hamiltonian.

TRIM COIL CURRENT CALCULATION

Hamiltonian can be made integrable by trim coil currents by slowly “turning on” the parts of  not constant on a surface

.

At =0 Hamiltonian integrable.  Choose Ii() to keep it integrable as  is increased to unity.

Let
 

  
.

Equations to be solved   




 zero-zero fourier component of V



   
at  at which = n/m.




Equations solved by keeping poloidal fourier terms m ≤ M and toroidal harmonics ±n < N.  Each fourier coefficient has dependence 
.

Each coefficient 
 gives an ordinary differential equation which is depends on the other coefficients.

At each value of find dIi/d.  The required trim coil currents are



.

Once trim coil currents are found one can check the quality of the surfaces by integrating primitive magnetic field line equations.

SUMMARY

A flexible coil set requires ability to 

1. Independently adjust currents that give basic shape (such as n=3, m=0,±1,±2,±3).

2. Choose trim coil currents to eliminate islands.

An efficient coil set requires use of only current distributions that:

1. Efficiently produce flux on 
plasma surface (high inductance).
2. Have a smooth current density.

Port space requires an ability to make the current potential constant in appropriate regions on the current surface.
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