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AE in stellarators

Instabilities of tokamak-type AE (TAE, GAE) have been observed
[A. Weller et al., Phys. Rev. Lett. (1994)]

However, AE in stellarators may possess specific features

e The toroidal symmetry is broken

— Interaction of modes with different n is possible

e Rich spectrum of Fourier harmonics of B and g%

— many possible continuum gaps
e Strong elongation (Helias)

e Small shear (Helias)

Helicity-induced continuum gaps and eigenmodes in a heliotron

[Nakajima, Cheng, Okamoto, Phys. Fluids B (1992)].

Numerical studies of Helias configurations with CAS3D

[Niihrenberg, Phys. Plasmas (1999)).
» Helicity-induced gaps and discrete eigenmodes

e Kffects of the ion sound
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Present work

¢ Models as simple as reasonably possible

—> to proceed analytically as far as possible
o Analytical approximation of the metric tensor
e Gap modes

e Focus on the high-frequency part of the spectrum

= effects of the ion sound are neglected

Publications

e Report IPP I11/261 (May 2000)

e 27th EPS Conference on Controlled Fusion and Plasma
Physics (Budapest, June 2000)

e submitted to Phys. Plasmas
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Basic equations

To derive reduced linear MHD equations, we use one-fluid MHD

and make the following assumptions:

* BII = 0 (incompressibility)

— /1 1= 0
o E” = 0 (ideal approximation)
o Effects of the plasma pressure are disregarded

e Equilibrium current is neglected (optimized stellarators)

We obtain:

a
ozt

;0 /s o (g7 0%
ij 2 2 L —
91 Ba (LCI’)] t gy (ﬁim am:f) =0

where @ is the scalar potential of the perturbation, 27 = 9,6, ¢

L

are the Boozer coordinates, gij = g7 — b, b= B, / By, subscripts
“0” refer to equilibrium quantities, L = 8/0¢+.0/08, Ry = L/2m
is the major radius, 74 is the flux-surface-averaged Alfvén velocity,
h characterizes the variation of B.

We nced the metric tensor, with g¥¥ being of special importance

(it enters the highest-derivative terms).

5
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The Helias reactor configuration studied

here

e 5 field periods

¢ Strong toroidally modulated ellipticity (elongation) of the
plasma cross section:
1.5 < &(¢) < 3.6. |
The main axis of the ellipse rotates, making half turn over one

field period

¢ Linked-mirror magnetic field:

B = Bh,
ho=1+eg" 4% cos(N¢) + E(Bll) cos{(@ — N¢) + ey cos(f),
with the mirror harmonic dominating,

e%o) ~ 01> egl) b egl)

o Almost vanishing toroidal current

e Weak shear:
0.87 < <099 for B =0;
0.82 < ¢ <093 for 5 =5%

E. Strumberger et al., Report IPP 111/249 (1999).
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Metrics

We employ the near-axis expansion of the equilibrium [Garren,
Boozer, Phys. Fluids B (1991)]
— In the lowest order, flux surfaces are concentric ellipses.

We obtain:
g = 2B)(6){d(#) + M(¢) cos[26 — 260(¢)]}¢,

where By is the magnetic field at the axis, § = [£(¢) + £~ (¢)]/2,
X = [k(p) — £ 1(9)]/2, & is the elongation of the flux surfaces.

Assuming that,
By = B[l + €5 cos(N¢)|, 6o = N¢/2,
d =g + d1cos(Ng), A= Ag+ Acos(Ng),
we find:
g% = 20 Bo[1 + € cos(N @) + 2! cos(20 — Np)
+e2° cos(26) + €, cos(20 — 2N ),
Equilibrium from [Strumberger et al., Report IPP 111/249 (1999)]:

Kmin = 1.5, Kmezr = 3.6, € = 0.1

— €' =0.38, 2! = 0.68, 632 = 630 = (.2.
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Alfvén eigenmodes (AE) in tokamaks
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Structure of the Alfvén continuum

w belongs to continuum when there is a flux surface ¢ at which

w is an eigenvalue of the equation of local Alfvén resonance

2 QW

0“5%"3@20

£(¢*18) + 2R

The code COBRA (COntinuam BRnches of Alfvén waves): we
take (:.}.W ?vw wm andn)

b= 3 b, explilm + p)8 —iln + vN)g).

p=—0 _
Wi 1 (pv) ; ;
g’ = go 1+§ 2. € exp(ipd — wiN@)|,
Hr==00
_ 1 o0 . .
gh ™ =g |1+ 2 e) exp(ipf — ivN 45)} )

and obtain the eigenvalue problem for infinite matrices:

00 S_'Rg o0
Y GupipPuw =W Y Cupins®Pu,
== V4 puw=—co

1 _ _ - -
gﬂ;,ﬂ.;u,u = (6’4‘”6”‘” + Eegu* Hils U)) kﬂ*”*k”u’

|
C‘u*’”“;‘”*” = 5#::#‘5%&- + *2-65:”"‘ Hatiu =)
where k,, = kE+p.— vN, k=mi—n.

m and n do not appear explicitly anymore, only l?:"!
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“Absolute” gaps

Let us assume that the mode coupling is weak and consider the

interaction of only two modes, (my,n1) and (mg =My + p,mg =

ny +vN):

W) o By k2 d, 7% %E((:W) 1 dq

e The branches with my — my = u, ne — ny = vN meet (ie.,

k) = —ks) always at the line w = w¥)(1).

o The gap |w — w*)(1)| < %]eg"”") + el (1) does not

depend on specific m and n.

o If a cylindrical continuum branch, w = ¥4/ Ro|lmt — n,
m = my, n = ny, crosses the line w = w¥)(4), it meets
its “partner” with m =my = u, n = ny £ vV, and is split.
No branch of the Alfvén continuum dares to cross

the gap!
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Computation of the continuous spectrum

e Given k, the problem is decomposed to the set of Fourier har-
IMNONICS i;“uu = l::—k/_u,—vN. We do not demand that & = mi—n

for integer m and n (get rid of the periodicity condition).

o The matrices are truncated to finite ones by setting finite win-

dows in m and n.

Problem which did not exist for tokamak spectra

Branches with arbitrarily large m and n can be found at any inter-
val of k = mu—n. The branches that correspond to the margins of
the windows are not approximated well and pollute the spectrum.
The pollution is enhanced as the windows increase. Using a mesh

for approximation does not solve the problem.

Remedy

Filtering the eigenvectors. Several eigenvectors having the largest

koo component are selected.

The code COBRA (COntinuum BRanches of Alfvén waves)

implementing this strategy has 3 modes of operation:

1. Scanning k at fixed ¢, we find the continuum regions and gaps

1 the continuum.

2. Setting & = (et — v N)/2 and selecting two eigenvectors, we

find the “banks” of the (u, v) gap.

3. Setting k& = m. — n and selecting one eigenvector, we find the

(m, n) branch.
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Calewlated gaps  in the AU\@"A continwum

Fig.4.
Alvan continuum and high-frequency sigenmodes in optimited stellarators
¥a.l, Kelennichenko, V.V. Lutsanko, H. Woblg, Yu.V. Yakoverko, id O.F. Feseryuk
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Properties of the calculated continuum

e The gaps repel and compress each other, the ones located near
the widest (4 = 2, = 1) gap being most strongly affected.

= The 2-mode approximation fails for many of them.

e The “walls” between the gaps persist although some gaps

would overlap if calculated in the 2-mode approximation.

e New (combination) gaps appear with (u, v) which correspond
to no g¥% or B harmonic, e.g., (u,v) = (4,2) = (2,1} + (2, 1),
(0,2) = (0,1) +(0,1), (6,3) = (2,1) + (2, 1) + (2, 1), etc.

Mechanism of the formation of combination gaps

ai{z) € 0 &, ol
e ao(x) ¢ Oy | = A | Dy
0 € CL3(:L') "I)g @3
9
&/
Y §~e
o .
A /\/_\
(e
X

The gap at the crossing of ai(z) and a3(z) is formed although

there is no direct mteraction between ®; and ®; components.

g
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Fig.5.
Alivan continuum ard high-frequency sigenmodes In optimized shellaratcrs
¥al Kelannichanke, V.V, Luissnko, L Woblg, Yu.V. Yakovenke, and O.P. Fessnyuk
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HAE,, equations

Expanding the AE equation into Fourier series, taking two equa-
tions for a pair of interacting modes and keeping terms of the order

of € only at the second radial derivatives, we obtain:

0 w? OF
ar 3 (_ - 1211,72) ar il + Qm ndsm,n
0 ,[w? (e 2e)
L
(:' E v
—km nkm-{-—p n+eN g 6 R i 0
’ ’ 2 or
5;:7‘3 (;:7; - k?n.l.p,n_'_yN) -g::n-l- Q1n+#,1-;+yNEm+,u.,ﬂ+UN
o w? (U“") v E(MU) oF
+-§;"—T3 'C-Jj‘:l (—92—- QE(M )) ]Cm,nkm-i-ﬂ,ﬂ-l—uN 92 aw:,n = 0.

where p = 2 and v = 1 determine the type of coupling,

E=%/r, kpp = (me — n)/ Ry,

2 2\/
w W

Qun = 1(5g = Ka)(1 -~ ) 17 5
A Va

The equations have been implemented in the code BOA

(Branches Of Alfvén eigenmodes).
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Effect of the (2,1) gap on the (0,1) gap.
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MAE equations

P.21-25

We consider the interaction of the modes (m + 2,n + N) <=

(m,n) < (m,n+ N) <> (m —2,n)

2
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Summary

e Equations of AE in a Helias have been derived.

¢ We has shown that the avoid-crossing phenomenon
acts independently on the wavenumber, which re-

sults in “absolute” gaps in the Alfvén continuum.

e T'wo codes, COBRA for calculating the Alfvén con-
tinuum and BOA for caculating discrete AE, have

been developed.

e The continuum gaps in the Helias have been calcu-
lated, the HAE,,, EAE, HAE,,, HAE;; and MAE
gaps being the widest.

* We have shown that the elongation and rotation of
the plasma cross section strongly affect the Alfvén
spectrum in Helias. In general, gaps resulting
from plasma shaping are more pronounced in He-

lias than those resulting from the B modulation.

e Secondary (combination) gaps have been found.

¢ Discrete HAE,; and MAE modes have been calcu-
lated.

e The density profile has been shown to be essential
for existence and stability of non-localized discrete

modes.

TOTAL .25



