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The space Z = {Z;_; y,} of variables defining a
stellarator configuration is large. To find attractive
design points in this space, or to understand opera-
tional flexibility about a given design point, one needs
insight into the topography in Z-space of the physics
figures of merit P = {F;(Z)}(i = 1,..M,) which char-
acterize the machine performance (e.g., transport, kink
stability, etc.). The control matrix (CM) method used
in this work provides a mathematical means of obtain-
ing this.?

Here, we apply the CM method in studying some
candidate Quagi-Axisymmetric (QA) stellarator con-
figurations considered by the NCSX design group.
The associated exploration provides msight into re-
sults earlier found empirically, independent control
over the F;s, and guidance on improving the oper-
ation of the automated optimizer, which has become
a mainstay in such design efforts.
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u(_)_lYI—Method: Formulatione

e We consider 2 linearly-related ‘configuration spaces’
Z and X or I specifying a stellarator:

The ‘redyced-space’ Z of combinations of those X j
or I; which capture the most important physics:
Z={Z;_1 n,}, where N =N, < N,

“The “full-space’ of coefficients:

(I)Fixed-boundary application:

X = {ijl,.—Nm} — (Rm” Zml, ngn "'ZmNm/Q)

needed for a VMEC equilibrium specification of the
boundary. Here, m = (7 = n/N;,,m), and N, ~ 70.
(I1)Eree-boundary application: |

I = currents J; in the j% coil of a given coil set, plus,
when desired. (/3).

*Over Z, we consider the behavior of M = M, ~ 5
Rhvsics figures of merit

P = {R(Z)} = (x2,x3, Wi, Wy, A), where

5 = A = kink eigenvalue (from TERPSICHORE),
and P;_4 are 4 measures of the ripple, hence of the
level of nonaxisymmetric transport one might expect:
Pro = Xip = x(Yi2) = NZ'S,, 00 BL /B2, with
¥ the toroidal flux, = 4, at the edge, and /v, =
1/4, /b, = 1/2.

P34 = W1 5 is the ‘water function’? at Y12, Measuring
how deep the ripple wells are over a flux surface.
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eExpand P(Z = Zo + z) = P(Zg) -+ p about Z = Zy.
One has (writing in component-form, with summation
over repeated indices assumed)

1
pi(Zo+z) = Oaj(ZU)Ej T §Hijk(Z0)ZjZk + (h.o.), (1)

with h.o. = higher—order terms. For small enough z,
one has matrix equation

p:CO'ZJ (2)

with Cy = C(Zg) the M x N ‘control matrix’ at de-
sign point Zg. Using the SVD theorem

CMX.N — UMxN ' WNXN ] VﬁxN;

(with U, V unitary matrices, and W a diagonal ma-
trix), one may obtain the pseudo-inverse Cg of Co.
‘Taking the particular basis set 7= which has 1
in the #*" position and 0 elsewhere, one has the corre-

sponding set £ of displacements
&-z' = Cé)_ ) ﬂ-i:

physically representing a set of displacements which
vary a single physics parameter F;, leaving the oth-
ers unchanged. These span the ‘range’ of C. The
(N — M) vectors =M1 spanning the nullspace of
C (change the configuration without modilying any
of the P;) also important for design flexibility.



OCT-E2-280E8 13239 PPFL — THEORY DEPARTMENT 6EA3 243 2662 P.@4-38

(T)Fixed-boundary applicationg

e Topography of Z-space:

oThe validity of Egs. (1) or (2) depends on the typical
scales of variation in X- or Z-space of the F;. We have
assessed this variation for all X, for the P presently
being used, in the vicinity of the X = ¢10-c82 family"
of configurations.

eReducing the dimensionality of Z:

¢The dimensionality N, = N, of the search space used
up to now and N, — M, of its null subspace are large
( 78 and 73, resp.). The smaller we can make these,
the better. Here, we reduce N, by 2 general methods:
(a)Removing the redundancy in the X-specification,
by using only displacements Y; normal to the plasma
boundary, rather than 0R,0Z separately. This re-
duces N, from N, = 78 to N, /2 = 39.

(b)Taking only the perturbations most effective in
varying some P;. Here, we choose the 4 most effective
for Py, and for Ps, thus further reducing N, from 39
to 8.
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sReduced Model & 1st Calculation of G5, H, 538

edensitivity histograms in the N, = 39 Z-space:

((=1) (t=2]

eRanking |P;/ Py — 1|, select 4 most effective harmon-
ics m for each of i = 1, 5:
,0), (3,
2

ofor P: (7i,m) = {(1,0), (2,0 0
? ?4)7( 74)7 (175)}'

2
eFor Ps: (f,m) = {(1,3), (1
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e Topography of reduced space:
j=d, my=(=3,1)
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e Distill Gij, Hijkﬁ‘guadratic Jﬂm]_9
for N, = 8: (Requires 2N? = 128 perturbed equilib-
ria about Zo.)

eCompare this semi-analytic model with numerical re-
sults just shown:

j=1, mp=(40) j=, W= 03,0)
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eUse Quadratic Model to analyse Z-space
structure, compute &'’s, etc..

oPlot Py 5 versus pairs (2j;, 2j):
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o‘Proof of Principle’ of CM methods

oPlot P; versus a&’~1°, verifying their inde-
pendent control of P, j:
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eFor C10, £° manifests the outboard indentation at
¢ = N, = 7 previously noted to stabilize the kink,

o

‘enhancing C10’s negative triangularity at { = .

1‘0 T T T T | T T T 4 1 T T T 4 T T T T ' 1‘0 T T T T T T T T T T T T T T T T T T

0.3

Mook - 6o
-u5F- - -045F
ol 1] S R R S —‘1,0-.=54I‘...I\.‘.l‘..
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R R

However, this behavior is not generic: for PG1,5£5 en-
hances its positive triangularity, consistent with toka-
mak intuition on kink stabilization.
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eOther QAS Design Points:

ecl0 was arrived at along an involved path of hu-
man interaction with the optimizer, and it is unclear
that other regions of Z-space, which would have been
reached from different starting points, might not yield
superior configurations. Thus, we are starting to study
other proposed QAS configurations®3 with the same
methods, and to consider the variation of the P, as
one moves from one such point Zy to another.

eWarmup (Z’s nearby): The path c10 — c82:

«c32 was obtained from c10 in an effort to stabilize
the kink. The level of QA-ness was slightly degraded
in compensation. This borne out by the P,’s along a
straight-line path in Z-space: l Y, 40 - ')_(w } &0 m

2.4 T T T T T T ¥ | T T T T Y T T T

of- T Y Trans et

el —D %)
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eThe path ¢10 — P_ﬁ%_ (preliminary):

N =5 L S Y N
PG 1 characterized by much better kink stability, sub-
stantially worse QA-ness (mainly due to large mirror

field B,,— =1 present to enhance stability.
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(IT1)Free-boundary application: Z =X — L

eNow apply the CM machinery to a new
configuration space Z, where instead of the
Z; being the amplitudes X; describing the
plasma boundary, they are now the currents
I; in the external coils, plus sometimes the

plasma (), and parameters characterizing
the profile shapes. Making this transition re-

quires using free- instead of fixed—boundary
VMEC. |
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s>Sweep of Z1 = 4
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e Configuration ¢82¢ 6.4 : Zg = 0.9

'BE_" T T I L T T T T "1_5 .Bl:_ T T T T T T I T
s ; oL ;
T.E‘;— —: ‘25_ —:
Mo p EY: ‘;
2f I ;
E R -f
I ;
BE_ ] i ! ! ! ot ! | .,_E 8; ! i ] ] ] | | ] 3
R —
machine P_1 P_5
c1l0a 1.4276FE-04 -1.43303E-03
c82 1.6517E-04 -4.92465F-05

c82b 3.5605E-04 6.65416E-06
(with coec=coep=1.05):
c82b2 3.5605E-04 -5.11848E-04
c82c_6.4 3.4273E-04 -4.25327E-05
(Brooks-Reiersen tilted-coil casel21.5):
c82BR.0 1.7708E-04 -1.61210E-03
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¢Coil group 6=EF coils: P; vs Z5,= 0.6,0.7,...1.4:
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(ITI) Analvze QOptimizer Behaviors
Levenberg-Marquardt (LM)?
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eDifferential Evolution (DE) algorithm? ¢

eSimilar to genetic algorithm, but more natural to continuous
spaces z.
sIivolves an ensemble z; 5,7 = 0,1,...NP — 1 of NP system
points in D-dimensional space z, through generations G =
0,1,..., similar to GA.
+Several variants. Basic method for getting new system points
Z; g+1 from old ones:
(i)Compute
Vi = Zpest,d T+ (Z’r'g,(f}' - ZT;;,G)Fa
where ry 23 random integers in [0, NP — 1], and F is an ad-
justable parameter (0.9 typical). |
(ii)Mutate a subgroup of L components v; in v (similar to
crossover in the GA) to produce trial point u, according to:
f “_{ v forj=n,n+1,.(n+L—-1p
thy = .
(z5,¢); otherwise

Here, L € [0,D — 1] chosen with probability Pr(L = v) =
(CR)¥, and {m) = m modulo D.
(iii) If the cost function value C'(u) is smaller than that for a
predetermined population member (e.g., z; g), it replaces that
member: z; ¢y1 = u.

Ke

% NP Parametar vectors from genaration G
9 Newly generatad parameter vectory

V=X .6 ¥ F(Xn,G- Xn,a)

Xy
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eStorn-Price test resultss

against Annealed Nelder&Mead strategy (ANM), Adap-
tive Simulated Annealing (ASA) (which is claimed to
outperform GAs):

s

i(x) ANM ABA DET DEz (F=1)
i T TF | NV | nfe | TRS | TAS| nfe | NP F CH [ nfe | NP A CR | nfe
1 o na | 1 85 {1wdl g | ma7 10 05 | uwa | aso 6 | ves | o5 | 2
2 o na § 1 106 | 1105 | 10000 [11zrs | & | ces | o8 | 7as & i o09s ] os | eis
3 | s00 | oes | 20 | aoess 1407 | 100 | ast | 1w | 08 | oz | s15 | so | oss | ez | 1300
4 o] 098 30 - 1-10‘5 100 4812 10 075 0.5 2378 0 0.85 0.2 2373
s | aooe | oses | =0 . 140% [ 100 | 1378 | 15 69 | 03 | ms | = | oos [ o0p | ses
6 | 510 | 0ges | oe| - | 1109 00 | 3581 | %0 | 04 | 62z | e | w0 | o2 | o2 | 11z |
7 %0 0.89 0 - 1-10-5 a1 - 20 1. 03 22167 20 0.93 02 12804
8 8 |oss | s ¢ ane (11087 an0 J11ee4] 0 ¢ os | 05 |msm | 10 | o8 | os | 107
ak=4}| 100 | ns5 | 40 |@otarm | 1106 | 1000 | . 30 | 08 1 |vwasa| 30 | og | 10 | 14901
ot | 510° | 0902 | 150 - | 1e®| 700 . 100 | 085 | 1 [1ssse0| 80 | 06 | 1.0 | 2seses

Table ! Averaged number of funetion evaluations (nfe) required for finding the global minimum, A
hyphen indicates misconvergence and n.a. stands for “net applicable”,

eDE characteristicss

eProvided G = 0 ensemble distributed over multiple
wells, good at not getting trapped in local ones.

sRule of thumb: NP =~ 7D provides adequate ensem-
ble size.

*Once finds optimal local well, contracts rather quickly
into it (hybrid of DE with hill-descending method un-
necessary).

eFor D > 1, with different scale-lengths in the differ-
ent dimensions j, seems to contract first in dimensions

with most opportunity for improvement, sequentially
reducing the dimensionality of exploration.
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oRel'n of Stellopt-LM  to  Stellopt-DEe

SHHW\??‘W‘, apf:'mi%fr / I 7 f’f//nrf‘dhpp‘hm P L
cae” ‘lml:'p) () jﬁ F{?ﬁ Cu” "imJ[‘Pf ()

R —
call 4, ledid () an C el difevi ()

4] i
cq” | fpjjwc? (] | : T ' fevﬁ/w fe { )
Cu,-“ “Sfﬂmi () 5 F?O Cq” /S)fwh! {)
b Fav l d
i

eListimate time needed for major global run:
T'=NP x Gma;z: X Tl/NpE.

olake NP ~TD, G0z =~ 10D

=] o~ 7ODQT1/NPE

efor D — 30,77 — 10 min,

=T ~ 630 x 103/NPE min ~ 104/NPE hr

oThus, having Npg ~ 100 makes such calculations
accessible. - o

elixperience thus far with Stellopt-DE:
[Parallelization now in final stages (S. Ethier). Presently
testing with both the full Isfunl and test functions to
compute the fvec array for F'(fvec) = (17, fvec(i)?)1/2.]
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1. D =1, NP = 7,Gpmes = 12, Isfunl, free-bdy, per-
turbing about ¢82b (4064 coil set) with Zg=coil-group
6 (EF coils).
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3. D =1,NP = 7, Gpay = 10, test_2_.1D. Compare
with behavior of LM-method.

oModel fvec(i):

F(fvec) oc 1 — .2 cos(izy) + .1 cos[(mat — no)z], with
Mo ~— 3,?’12 - 4, 21 = 27T:131/$0.
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4. D=2 NP = 14, G4 = 30, test23_2D. Manifests
dimensional contraction.

oModel fvec(i):

F(fvec) ox 1—.2cos(z2)+.1 cos[(ma2z) cos(ngz1)], with
me — 3,ne — 4,210 = 27X 2/ x0.
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6. D = 4, NP = 28,Gpoe = 2, Isfunl, free-bdy
run perturbing analytic multipole fields, where LM
method fared poorly. After only G = 2 DE doing
better than LM, and seems headed down a slope.
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7. D = ll,NP = 80, Grmaz = 49, Isfunl, 1st large
parallelized, free-bdy run for LI383 flexibility studies,
showing dimensional contraction.
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eSUMIMAarys
o The CM method has been used in exploring Z-space

in the vieinity of some NCSX candidate configura-
tions (¢10,c82,PG1).

(I)Fixed-boundary (FxB) application (around cl0,PG1),
for study of configuration optimization:

eHave provided a 1st demonstration of the basic prin-
ciple of the CM method, showing for ¢10 that the
SVD-obtained perturbations £° can in fact be used to
vary the F; independently.

eHave provided a 1st picture of the topography of
the configuration space X or Z in which our searches
for good stellarators are occurring. In an apprecia-
ble neighborhood of ¢10, the P, may be modeled by
a quadratic function of z = Z — Z,, and vary with
little structure even over a scale comparable to the
distance from ¢10 to PG1. We have constructed this
quadratic representation about ¢10 for a reduced set
(N, = 8) of perpendicular displacements of the c10
boundary, computing both the CM G;; and Hessian
Hijk} for this set.

eThe 4 different transport figures of merit produce
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boundary displacements ¢'(9, ¢) similar in appearance.
However, the G-matrix eigenvalues w; show these are
linearly independent, NOT nearly collinear.

o The £ for kink stability differs in appearance from
those for transport. For ¢l10, ¢° provides outboard in-
dentation earlier seen to stabilize the kink, enhancing
c10’s negative triangularity at Ng¢ = m, while for
PG1, €° enhances its positive triangularity, consistent
with tokamak intuition on kink stabilization.

eHave reduced the dimensionality IV, of the search
space from N, = 78 to N, = 8 of the reduced model
by 2 means:

(a)Removing the redundancy in the X-specification.
(b)Taking the perturbations most effective in varying
P.’s of interest.

(IT)Free-boundary (FrB) application (with 4064._rev6
coil set for ¢82), for study of operational flexibility.

eFrB sweeps permit much larger displacements (~ 10
cm) than in FxB studies (~ 1 cm) without causing
pathological boundaries. These larger sweeps have
revealed substantially more structure in the F; topog-
raphy (well beyond quadratic dependence).
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oA large number of coil groups in the saddle eoil set
need not translate into a great deal of operational
flexibility, because the coils all have about the same
helicity. In particular, both the saddle and EF coil
groups affect kink stability (P5) about as in the FxB
studies, but have far less effect on QA-ness (Pr_4q).
A coil set with low-m, larger-n, such as the TF set
might provide, should reinstate this sensitivity.

eThe EF current sweep found a new configuration
(¢82c_6.4), not yet optimized, which has much better
kink stability and comparable QA-ness to c82.

(IIT)Study of optimizer performance.

e he LM-based Stellopt can often become trapped
in small local wells, and not discover substantial im-
provements only a short distance away.

e We have implemented a more global DE-based Stel-
lopt, from which initial results are promising.



OCT-E2-286E8 1547 PPPL — THEORY DEPARTHMENT BH9 243 2e62 P.3E-36

References

"H.E. Mynick, N. Pomphrey, Princeton University
Report PPPL-3434 (February, 2000) (to appear in
Phys. Plasmas).

*M.Yu. Isaev, M.I. Mikhailov, D.A. Monticello, H.E.
Mynick, A A. Subbotin, L.P. Ku, A.H. Reiman, Phys.
Plasmas 6 3174 (1999).

°R. Storn, K. Price, U.C. Berkeley Technical Report
TR-95-012, ICSI (March, 1995).

*G.H. Neilson, A.H. Reiman, M.C. Zarnstorff et al.,
Phys. Plasmas 7, 1911 (2000).

°P. Garabedian, L.P. Ku, Phys. Plasmas 6, 645
(1999).

TOTAL F. 38



