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Stellarator plasma confinement devices have no continuous symmetries, which makes the design of
appropriate coils far more subtle than for axisymmetric devices such as tokamaks. The modern
method for designing coils for stellarators was developed by Peter Métk&erkel, Nucl. Fusion

27, 867 (1987]. Although his method has yielded a number of successful stellarator designs,
Merkel’'s method has a systematic tendency to give coils with a larger current than that required to
produce a stellarator plasma with certain properties. In addition, Merkel’s method does not naturally
lead to a coil set with the flexibility to produce a number of interesting plasma configurations. The
issues of coil efficiency and flexibility are addressed in this paper by a new method of optimizing
the current potential, the first step in Merkel's method. The new method also allows the coil design
to be based on a freer choice for the plasma—coil separation and to be constrained so space is
preserved for plasma access. 2000 American Institute of Physid$§1070-664X00)02702-9

I. INTRODUCTION fies two constraints. It must be divergence-free and must lie

A major advance in the design of stellarators was J_in the coil surfacej- Vr=0 with r any well-behaved radial

Nuhrenberg’s concept of optimizing stellarator configura-Coord'nf"lte §UCh that=r, gives the'con surface. These two
tions by varying the shape of the outermost surface of thé:onstramts imply the current density has the form
plasma. Early successes were stellarators with quasihelical
symmetry and the design for the Wendglstein 7-X J=—8(r—r VI xVk(6,¢), 2
stellarator® The shape of the outermost surface is determined
by the external coils, and the magnitude of the magnetic field ) .
in the stellarator is set by the enclosed toroidal flux. TheVhich defines the current potentielé, ¢). The current ﬂ_OWS
plasma equilibrium equationVp=JxB, implies B-Vp along con;tank contours becagsg~VK:O. The Dlrac
=0, so the normal field on the plasma surface due to the s&€lta functions(r —r) has the units of I/ so« has units of
of coils that is being designed must be equal and opposite tb times an area, which is amperes. The current potential is
the normal field due to other coils, such as toroidal fieldfound in Merkel's method by minimizing the mean square of
coils, and plasma currents. In this paper, the toroidal flux willthe normal fieldf (B- A)?da, on the desired plasma surfate.
be assumed to be produced by a given set of toroidal fieldhe turns of the coil system are then chosen to lie along
coils. The task is the design of an optimal set of supplemeneonstantx contours. The change ik between contours,
tal coils that cancel the normal component of the magnetievhich has units of amperes, gives the required current in
field on the plasma surface. There are two optimizati¢h)s: each coil turn. The shape of the turns can be further opti-
the optimization of the stellarator configuration, which is car-mized by imposing constraints on the magnetic field or coil
ried out by varying the plasma shape, d@iithe optimiza-  properties.
tion of the coils to produce that configuration. This paper proposes a new method for optimizing the
The standard method to optimize the coils to produce aurrent potential. The new method emphasizes the coil flex-
given stellarator configuratidf is that of Peter Merkel. The ibility for producing many desirable plasma configurations,
first step is the determination of the current on a toroidalthe coil efficiency(minimization of(j2) and Ohmic losses
surface, the coil surface, that approximates the desired locand the preservation of space free of coils for plasma access
tion of the coils. The current on a given toroidal surface is(port spacg

defined by a single function, the current potent&b, ¢), To make the distinctions clearer, Merkel's method will
which is a function of the poloidalg, and the toroidal, be described using the notation of the new method of opti-
angles. The coil surface can be given in the form mizing the current potential. Merkel's method relates two

v a 5 matrix vectors, a flux vectob and a current vectar, by an
Xo(0,0)=R(0,0)R(¢)+Z(0,0)2, @ = veedh By

_ o _ inductance matrixL. The normal magnetic field on the
with (R,¢,Z) cylindrical coordinates. An example of a plasma surface due to sources other than the coils being de-

simple toroidal surface iR(6,¢)=Ro+acosd and Z=  gjgned is given by the magnetic flux vectdr, Let f,(6, )
—asing with R, and a constants. The current density satisy)q any complete set of dimensionless functions on the

plasma surface. One example of such a set of functions is the
dElectronic mail: ahb17@columbia.edu trigonometric functions; another fs constant in a566¢ cell
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on the plasma surface arig=0 elsewhere. Théth compo- o e\ 2
nent of the flux vector is - :Ei T (10)
o= fmasmafi(@,@)éo- da, (3)  The fundamental problem in solving the equatibr-L - I is
surface that the inductance matrix can have very small or zero diag-

with B, the field due to all other sources than the coils being®"@! elements; . [The components of the current assc;eciated
designed. The current vectdr, on the coil surface is defined with zero eigenvalues cancel no component of ‘he‘”.‘ﬁ .
using any general set of dimensionless functian$g, ¢), SO th.e§e.current components have been set to zero 16q.
on that surface. The current potential is written as to minimize the ma@_’”'t“diof th? curret. )
The exact solution ol -I=®, Eq. (7), often gives a

_ very large, and typically infinite, magnitude for the current.

6,0)=2, 1,0:(6, 4 !

w(6,¢) 2 i9i(0:¢) @ In the SVD method of solving Eq.7), only those compo-

it th fth havi its of nents of the current in Eq9) are solved that are associated
with the components of the current vectgthaving units of  \iih 5 syfficiently large inductanck> 1. If the induc-

amperes. Thej; component of the inductance matiixis  tance elements are arranged kol for i<ig and I,
defined by <l min for i>ig, the squared error in fitting the field is

with l§j the magnetic field produced by the current potential
k=1;9;(0,¢) on the coil surface(The convention of an im-
plied sum over a repeated index is not being followed; all
sums will be denoted explicitly.

If the functionsf;(6,¢) used to define the flux compo-
nents, Eq.(3), are appropriately orthogonalized, Merkel's
method for finding the current potential is equivalent to the
minimization of the erro€ with

In other words, no attempt is made to use currents in the coil
surface to cancel the parts of the normal magnetic field on
the desired plasma surface that are associated with flux com-
ponentsCDi(e) with i>i;. The more flux components that are
canceled by coil currents the smallgy;,, the smaller the
error, but the larger the magnitude of the current. The SVD
method finds the minimum current magnitude required to
achieve a given level of error.

52E(<13_f. F)T.(q?_f_’. M. (6) The fundamental difficulty a coil designer faces is that
the use of distant coils to make the normal magnetic field,
B-f, zeroon a prescribed surface is an ill-conditioned math-

The minimum of€ can be found by a number of techniques.ematlcal problem. The problem becomes well conditioned

These techniques are equivalent o solving, as well as is poSNlY when theB-A=0 surface is prescribed with an allowed
tolerance. To understand the fundamental mathematical is-

The superscripT denotes the transpose of a matrik,ijQT
=L; or the change of a column vector into a row vector.

sible, sue, consider a problem in a cylinder. Suppose the field lines
C.i=d, (7)  that start a distance,, called the plasma radius, from a
R straight wire carrying a current are to be distorted into a

for the currentl . simple shape, such as an ellipse, using currents lying on a

Probably the best method for solving H@), as well as  cyjindrical shell of radius .. The only currents in the prob-
is possible, is by the use of singular value decompositionem are the current in the wire and the surface current on the
(SVD) techniques. These techniques were recently introgyjindrical shell. The plasma shape can be specified as
duced into stellarator coil design by Neil Pomphrey. Thex ()= p(6)7(6) with 7 the radial unit vector of cylindrical
SVD theorer says any real matrix can be written as coordinates. A simplified elliptical distortion is(6) =r {1
I s + 28 cos()}. The normal magnetic field on the plasma sur-
C=0.T-V (8) . . . >
face due to the wire can be expanded in a Fourier series in
with " a diagonal matrix with diagonal elemeritsand U Sin(mé) with m even. Assuming<1, the fluxes, fom even,
andV orthogonal matricegAn orthogonal matrix multiplied ~ through the plasma surface due to the wire are
by its transpose is the unit matrixzquation(7) can then be

rewritten using the eigenvectors of the fluk®=UT.-®, q)m:E,LLO\]h(_5)m/2 (12)
and the current|®=VT.1. If an eigenvalud; is nonzero, 4
the associated component of the current is given by with h the height of the cylinder. The inductance matrix be-
o tween the cylindrical surface current and the plasma surface
JCO———— 9) is not precisely diagonal, but the characteristic behavior of

' I the inductance matrix is illustrated by its diagonal elements

Multiplication by an orthogonal matrix does not change the m
magnitude of a vector, so the magnitude of the current |m=m7woh(&) _ (13
squared is le
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The current ,,, associated with a Fourier component of thell. NEW METHOD FOR OPTIMIZING THE CURRENT
current potential, required to cancel the normal field due t&°OTENTIAL

the ~wire zismlzlm:q),m“m', Consequently, Im:(gJ/m) The method that is being proposed for finding the opti-
{=a(rc/rp)“t™ which diverges, [In.q|>[1nl, if e ma current potential differs strongly from the old. For ex-

1/2 . . )
>r,/5% In other words, the plasma can be distorted into anample, only the important components of the flux vecty,

ellipse only if the shell carrying the surface current is suffi- 5o retained—far fewer than the number of components of
ciently close to the plasma. The divergence of the surfac?ne current vector|, that is being considered. This means

current,l,,, can pe eliminated by canceling only the flgx the desired flux vectord, can be produced exactly by a
componentsb,,, with m<M, a largest mode number. If this . - .
.nonunique current vectol, The freedom in the current vec-

is done the current on a sufficiently distant surface is domi; . S o .
M tor is used to minimize the power dissipation in the coils that
nated byly and becomes large as.(r,)". Clearly, the

. ) . ) are being designed. In other words, the freedom in the cur-
efficiency of the coil set is improved by lowerid, butthe et vector allows a minimization of the current density. At

fit to the prescribed elliptical surface becomes worse. Thgnhe end of the analysis, the number of independent current
minimum acceptablé/, and therefore the optimal coil set, components is equal to the number of components of the flux
can only be determined if a maximum tolerable deviationvector that must be controlled. The analysis gives the current
from the desired ellipse is prescribed. In the SVD version ofpotential that most efficientlyminimal Ohmic dissipation in
Merkel's method, this tolerance is incorporated by cancelinghe coil9 balances a given set of fluxes.
a flux component only if it is associated with a large induc- ~ The new method for optimizing the current potential
tance. The minimal inductance that is retained determines théSes two matrices that play no role in Merkel's method.
error £ and the tolerance. In the method proposed in Sec. lIThese are the quality matri®@ and the resistance matrix.
an allowable tolerance is placed on the degradation of the ~The importance of the various components of the flux
physics properties due to the deviation in the plasma surfaceector® is measured by the quality matr@X. Nuhrenberg’s
from the optimal shape. method for finding stellarator configurations is an optimiza-
What are the limitations of Merkel’s method for finding tion of a target function which contains information on the
the current potential? Four important limitations are as fol-Magnetohydrodynamic and the neoclassical transport proper-

lows. (1) Components of the flux may be ignored that areties of the configuration. The target function is optimized by

. . varying the Fourier coefficients in the shape of the outermost
essential to supporting the plasma. For example, flux com- : ! .

nents that resonate with the maanetic field lin nd d surface of the plasma. Once an optimum is obtained, one can
ponents that resonate € magnetic e s a Sind how the target function, or the quality of the configura-

stroy magnetic surfaces in the plasma need to be retalnet%n, is degraded by changes in the Fourier coefficients, or

even when their inductance coefficients are small. In the jaréquivalently by displacements normal to the plasma surface,

gon of the field, missing components of the flux can lead tog.ﬁ_ (A tangential displacement gives a change in the pa-

a poor reconstruction2) Components of the flux may be ametrization of the plasma surface, not a new surface

retained that are inessential to supporting the plasma. As théhape). Except on a rational magnetic surface, the magnetic

cylindrical problem illustrates, the highest mode number re'perturbatiorﬁ associated with a displacemeﬁfts giverf by

tained in the calculation will dominate the magnitude of theB=ﬁ><(§>< B). This relation between the perturbed field

current if the coil surface is sufficiently displaced from the 54 the displacement can be used to show that the perturbed
plasma. The retention of inessential components of the fluy,y is

leads to inefficient coils and fictitious limits on the maximum

tolerablg separation betwegq Fhe coils anq the plagsh&lo (&—LC-1) = fp|asmafi(91¢)6‘ da

concession is made to flexibility. The optimal current poten- surface

tial is found for one plasma configuration. Any flexibility is

accidental that arises from varying the currents between the - Jplasmgé-ﬁfi)é-dé+(5d3p)i . (19
turns of the single coil set that is derived from such a current surface

potential. (4) There is no constraint in the method, as nor-yith 5q3p the change in the flux on the original plasma sur-
mally applied, to reserve space for ports. face due to the change in the plasma equilibrium. The target

The four limitations of Merkel's method are addressedfunction for the stellarator configuration should deviate from
by the new method for finding the current potential. The newits optimum valueT, with roughly a quadratic dependence
method optimizes the efficiency of the coil set by retainingon the normal displacement i while 5<f>p is linear in &
all flux components that are essential to supporting a desir-h. Consequently, the target function depends on the per-
able plasma configuration but no more. The new methodurbed flux as
gives a current potential that depends independently on the
components of the flux that must be controlled, which natu-
rally gives a flexible coil set. Space can be reserved for portsyhich defines the quality matriﬁ. As in the cylindrical
and the impact of port space on the efficiency and the flexexample, a set of desired plasma shapes can only be repro-
ibility of the coils can be studied. duced by the coils to a certain tolerance. Obtaining an ac-

T=To—(d-L-DT-Q-(d-L-D), (15)
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ceptable toleranc®+, on deviations from the optimal target eigenvalues of 'L cannot be larger thaNg, . If the I can
function forces the coil currents to satisfy the constrafht ( indeed satisfy the required equatidn= C-T then the matrix
—L-NT-Q-(®—L-1)<Qr. The quality matrix resembles {T.{" must have preciselflq, nonzero eigenvalues?, the
a metric tensor; this matrix defines how far a set of coils misssumber of important fluxes. In other words, the matrix
reproducing a given target plasma. LT. L hasN,, eigenvector$s) associated with nonzero eigen-
The quality matrix,Q, is a symmetric, positive matrix values andN, —Ng, eigenvectorgn) associated with zero ei-
and can be diagonalized. A diagonal element is important ienvalues. The eigenvectois) are said to span the null
it satisfies either one or both of the following criter{d) the space ofiT.C. The current can be written in the form
diagonal matrix elemeng; is large, (2) the component of
flux ®; associated with the element is large. The elements _ N
can be ordered so the most important elements, those having | 2521 lg/s)+ nzl Ia[n) (18)
the greatest potential for degrading the quality of the con-
figuration, come first. The degradation in quality associatedyith the | determined by the equatigﬁ:f. i and thel ,
with the ith element of the diagonalized quality matrix is arbitrary. In other words, thi,, currents  can be chosen to
q;®?. The tolerance on the qualit@;, can be met by fitting  reproduce theNg, fluxes exactly with the currents, totally

N;—Ng

exactlyNg components of the flux with unconstrained. The arbitrary components of the curtgnt
are then chosen to minimize the Ohmic power. That minimi-
Q> > qd2 (16)  zation yields
i>Ng
N;—Ng N
In other words, the maintenance of a given quality tolerance 2 Rynln= 2 Rosls (19
s=1

on the target function of the stellarator configuration defines n=1

Ng components of the flux that must be canceled by current\evi,[h Rn,n=<n’|§|n> and(n| the transpose of the eigenvector

in external coils. The cancellation of the remaining compo—|n>. Since the resistance matrix is positive definas no

nents of the fluxj>Ng, is not essential. Indeed, the cur- - )
rents that would cancel these components of the flux can bull space for nonzerg), one can solve E419) to find the

chosen to maximize the efficiency of the coil set. 'y in the form

The determination of the quality matrix is the most dif- Ng
ficult part of the proposed method for designing stellarator | =— Z I <Csn (20)
coils. Some of the benefits of the proposed method are ob- s=1

tained if a smooth set of functions, tig6,¢), are used 10 yith ¢_ a matrix of constants. The current that exactly re-
define the important fluxes by E¢L6) with g;=1. An ex- producesN,, fluxes with minimal Ohmic power is
ample of such a smooth set of functions is the trigonometric

functions. The success of this simplified method is dependent . Ne N1—Ne

on the choice of thé; . For example, sensible results are not | 2521 | Is)— nZl CsnlN) |- (21)
obtained if eacH; is chosen to be constant insése cell and - -

zero elsewhere. The use of the quality matrix makes the refhis current, Eq.(21), should be inserted in the constraint
sults invariant to the initial choice of thi as well as pro-  equation @—L-1)7-Q-(®—L-1)<Q; to ensure that the

viding a sounder physical basis for defining a tolerance orurrents associated with fluxeés N, do not lead to a viola-

the quality of the plasma configurations. tion, or a less than optimal satisfaction, of the tolerance con-
The efficiency of the coil set is optimized by reducing straint. The number of important fluxel, , should be iter-
the Ohmic power that is dissipated in the coils, ated until the tolerance constraint is optimally satisfied.
P The new method of finding the current potential defines
P=IT-R-T, (17)

a set ofNg, independent currents that exactly contxy) flux
to a minimum. The method for calculating resistance matrixcomponents. If one assumes the importsigt components

R is given in Sec. lll. The resistance matrix is symmetric andoi:c thehflux areNS|m|Iar for a setf?f _Ste|I|arf?t0rbtl:onflgur%t|ons,
positive definite. As shown in Sec. Ill, it can be used tothen the set oy, currents is sufficiently flexible to produce

impose additional constraints, for example, that space on th%II the Eonflgure)tlor;]s n the set. \f/IVhy might one expect t,h's
coil winding surface be free of coils in order to allow room to be the case? The important flux components associated

for ports. with differe_nt eigenvalues of the quality matrix affect the
The number of components of the current veckor target function differently, so one would assume that at least
which is denoted by, , is assumed to be very large com- f[hat many flux components must be controlled. The mo_st
" , important flux components are presumably associated with
pared to the number of flux components that must b&lfjt,

. : either low or resonant Fourier harmonics of the normal mag-
To satisfy the constraint that theé,, components of the flux netic field. By low Fourier harmonics is meant poloidal har-

that must be fit are fit, the equatidn=L- I must be solvable onicsm=01.2.3 and low toroidal harmonics of the num-
with @ the important part of the flux. The equatidn=L  ber of periods of the stellarator. This is analogous to saying
-T can be solved by diagonalizing the mattiX- L. A theo-  the properties of a tokamak plasma are largely determined by
rem of linear algebra implies that the number of nonzerahe aspect ratio, the ellipticity, and the triangularity.
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The flexibility of a coil set can only be fully tested by The factory/v in the resistance matrix, E€R7), allows
having a number of desirable plasma equilibria that cover thedditional constraints to be imposed—though generally at
space of plasma parameters that one wishes to study. Eatlie expense of greater Ohmic dissipaticl). The constraint
plasma equilibria has a set of important fluxes that must béhat there be no coils in a region occupied by a port is im-
canceled by the coils. A set of coils can do this if the induc-posed by making thg;(6,¢) constant in any region that is
tance matrix between the currents in the coils and the importo be occupied by ports or by makingv very large(2) The
tant fluxes is nonsingular. The coils can produce this coneurrent density in any region on the current surface can be
figuration with adequate efficiency if the required Ohmicreduced by makingy/v larger in that region(3) A flexible
power,P=1T-R-I, is acceptable. coil system will probably require layering. That is some coils

will need to be located further from the plasma than others.
The optimal layering can be studied by having several nested
lll. THE RESISTANCE MATRIX current surfaces withy/v in a surface larger the further the
surface is from the plasma. Current distributions that in-
crease only slowly in magnitude as the coil surface is moved
further from the plasma will then move to the outer current
B 53 surfaces. The formalism with multiple current surfaces is es-
P_J 7j7d°x (22 sentially identical to that given in this paper except there are

. R o _no cross terms in the resistance matrix between current ele-
can be written a®=1"-R-|. The current density is given in ments,g;(6,¢), in different surfaces.

terms of the current potential by E§2) and the current
potential is expressed in terms of the current componknts
by Eq. (4). The theory of general coordinates implies

The resistance matrik is defined so the Ohmic power
dissipated by the coils

IV. SUMMARY

- - The scientific usefulness of a stellarator experiment is
ViXVir= 1(‘9_XC ‘9_"_ ‘7_XC ‘9_") (23 largely determined by the flexibility of its coils to produce a

J\ dp 96 90 de number of important plasma configurations and the access it

with Xc(a,(p) the equation for the coil surface, Ed), and.7 (_)ff(lars.for heating and_diagnostics. The cost apd technical
the Jacobian ofr( 6,¢) coordinates. limitations of an experiment are largely determined by the
T efficiency with which the required magnetic fields can be

Although the current carrying region can be arbitrarily . C
thin—so for most purposes it can be viewed as a surface, groduced. In this paper a new method of finding the current

finite resistance matrix implies the thickness cannot be zercf.)o.tentlal IS given wh|ch can serve as the basis for designing
coils that optimize flexibility, efficiency, and access.

The volume of the current carrying region associated with a . .
small change ing and ¢ will be denoted by (6, ¢) 505 The design of stellarator coils to produce a plasma of a
¢ i @ given shape is an ill-conditioned mathematical problem un-

That i o . . -
aris . less a tolerable deviation from the given shape is specified.
Jd°x The modern method of designing stellarators provides a
v(6,0) =96 &D_J Ar=ro)dr 89 5. (24 hatural definition of the tolerable deviation. Stellarators are

. . designed by maximizing a target function through variations

3y —

Using d*x=Jdr 66 d¢, one finds that in the shape of the plasma. The target function defines how
1 8(r—rp) far a particular stellarator configuration is from the optimum.
v 7 (25 The matrix that measures this distance is the quality matrix

The Ohmic power can then be written as 6 wh_ich is a positive sym_metric matrix Ii_ke a m(_atric tensor
in ordinary space. The coils that are being designed cancel
e 20 9K\ 2 X, IX.| K Ik the normal magnetic field due to all other sources on the
P= f v (ﬁ) -2 90 99 )30 de plasma surface that optimizes the target function. This can-
not be done perfectly but can be done within a specified
(a)zc)2<aK)ZJd0d tolerance on the degradation of the target function. The
Q.

90| \ag (26) eigenvectors and eigenvalues(ﬁfdetermine which parts of
the normal magnetic field must be carefully canceled and

The current potential« can be written ask(6,¢)  \which can be ignored while achieving the specified toler-
=21;9;(0,) with g;(6,¢) any general set of dimensionless 4 ce.

functions, Eq.(4). Equation(26) implies the components of The first step in coil design is the determination of a
the resistance matrix are current distribution on a surface that approximates the loca-
7 a)?c 2 39; 99, &XC &XC ag; 99, tion of the coils. The current distribution on the coil surface.
Ri=| —\|l— | — —||—— should be chosen to cancel the parts of the normal magnetic
] v \de/| 96 96 90  do )\ 96 do

field that are important for achieving the specified tolerance
Zagi 99, on the quality of the plasma configuration. This does not
a_a_J]dgd(P (27 uniquely determine the current distribution since there are
¢ oe only a finite number of such parts of the field. The current
and the Ohmic dissipation B=X1;R;;1; . distribution is made unique by maximizing the efficiency

X,

dg;i d9;
+——)+ 90

de 90
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(minimizing the required Ohmic poweand constraining the ever, the number of ampere-turns in the coil set naturally
current to be zero in regions to be occupied by ports. Sincencreases the further the coils are from the plasma.

each nondegenerate eigenvector of the quality matrix engen- The concepts that have been introduced in this paper
ders a different response by the target function, it is expectedive a definite procedure for designing coils that are flexible,
that the important eigenfunctions must be independently corefficient, and have good plasma access. These are the most
trollable by the coils that are being designed to have a flexeritical features of the coils of an attractive experiment.

ible coil set. The most critical parts of the normal magnetic

field to control are presumably related to simple features O ACKNOWLEDGMENTS
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